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ABSTRACT 

In this paper  we obtain a general lower bound for the tail distribution 

of the Fourier spectrum of Boolean functions f on { 1 , - - 1 }  N. Roughly 

speaking, fixing k C Z+ and assuming that f is not essentially deter- 
mined by a bounded number (depending on k) of variables, we have that 
~-~1S[> k I](S)I 2 ~ k -1 /2-e .  The example of the majority function 
shows that this result is basically optimal. 

I n t r o d u c t i o n  

Over recent years, a new area in Harmonic Analysis has emerged, which is the 

Fourier Analysis of Boolean functions f :  {1, - 1 }  I --+ {0, 1}. 

Motivated by problems from complexity theory and computer science, a num- 

ber of remarkable results were obtained from the study of the Fourier transform 

] of f .  In this context we mention, for instance, the works of Kahn, Kalai and 

Linial [KKL] on the influence of variables and E. Friedgut [Fr] on the characteri- 

zation of the sharp threshold of monotone properties. They rely crucially oil the 

analysis of the Fourier transform. 

There is a general philosophy which claims that  if f defines a property of 'high 

complexity' ,  then supp ] ,  the support of the Fourier transform, has to be 'spread 

out' .  The result in this paper  is one more illustration of this phenomenon: If  f 
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is not essentially determined by a few variables, then the tail distribution of ] 

satisfies a lower bound 
[ ] ( S ) [  2 1 >> c ~ k - ~ -  

isl>k 

for all (fixed) k. A precise formulation appears below. This estimate, which 

turns out to be basically sharp, thus expresses to what extent f may be fully 

concentrated on coefficients ] (S)  of low weight [S[. For a real function f on 

{ -1 ,  1} N let f = ~ ] ( S ) w s  be its Fourier expansions. Here, 

w s ( x l ,  x 2 , . . . ,  XN) = ( -1 )  E ' c s  x~. 

L2-weight  o f  t h e  ta i l  o f  t h e  Fou r i e r  s p e c t r u m  

The main result of this Note is the following 

PROPOSITION*: Let f = XA, A C (1, - t }  g.  Let k > 0 be an integer and ~ > 0 

a fixed constant. Assume 

< 74 -k~ } > 72. 

I ] (S ) l  2 > 

(1) ~-~{[](S)[ 2 [](S)[ 

Then 

(2) Z if(s)? ** 
ISl>k 

Proob We may clearly assume that 

1 2 
(3) ~ I](S)l: < 1~67 • 

ISl>k 

Fix 0 < ~ < 1 and define 

I 0 =  { i e [ 1 ,  g ]  

Then 
N 

~[Io[ _< ~ ~ [f(S)l 2 < k and l/o[ < /'~-lk. 
~=1 i6S, lSt<_k 

* This question was raised by J. H£stad, who obtained a lower estimate of the form 
C -k in (2). The author is also grateful to G. Kalai for several discussions on this 
and related topics. 

** More precisely, there is the lower bound Cek -1/2-e for all c > 0. This abbreviated 
notation will be used repeatedly in the sequel. 
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Thus 

(4) 

if we assume 

(5) 

Denote 

F O U R I E R  S P E C T R U M  OF BOOL E AN FUNCTIONS 271 

I ] ( s ) l  2 s c Io, ISl <_ k, I ] (s ) l  < 74 -k2 < (~- tk)k7216-k~ < 10~ 

(g-lk)kl6-k2 < 1/100. 

~ = [~, N]\~o.  

It follows from (1), (3) and (4) that 

(6) E I$( s)l~ > ~: _ 1-0071 2 _ 1__~71 2 > 5712. 

Define for t > 0 

snt~#¢ 
ISl_<k 

2t<_[Snl~[<2 t+l 

so that (6) implies that 

(8) 

(where log k = 2 log k). 

Next, fix a subset 

Y~ pt > ~2/2 
O<t<log k 

I1 C I r .  

Write the variable x • { 1 , - a }  N as x = (xl ,  x2) with x l  • { 1 , - a }  I'. For a fixed 
x2 write fx2(xa) for f(x2,xl) and write also FT(X2) for ]x2(T). Thus, 

f(xl,x2) = ~ F~(x2)w~(x,). 
TCI1 

Fix 0 < 5 < 1 and {~i}~ctl independent {0, 1}-valued selectors of mean 1 - £ 

Define 

I (a ) )  ~- {i  • I l I ~ i ( ~ )  = 1}. 

Fix x2. Since f ~  is {0, 1}-valued, 

(9) Ei(~,) [fx2]ldxl 
J J 
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(10) fx2 - ~'I(w)[fx2] -= E FT(X2)WT(')"  
T C I  1 

Fix 1 < p < 2. Then by (9) and (10) 

(P--1)1/2( E IF{i}(x2)12) 1/2 
- iEl~\I(w) 

-< I I A ~  - Zi(,~)[f~]Np 
__ ~ r t  l i i 2 / p  ' <_ II.t'~ - ~s(<,,)[S~:}ll~-2/Vll,f~ s(<~)L.~Jii2 

-< II.f~: - EI(<~)[,~:]II~/p 

[ E ]"" = IF, r (x2) l  2 
T C I  1 

T¢I(,o) 

and 

[ ~ I p /2 
(11) [1 -,~dw)]lF.[~}(x~)] 2] < (P- 1)-pl2 E [1 - H ~Ci(w)] IFT(x2)I  2. 

TCI1 lET 

Recall that  f ( i d o a  = 1 - 5. The left side of (11) is at least 

(12) 

5p/2 [/~ h IFli}(z2)I2]P/2- I ~ ((i(w)- (1- 5)),F{i)(x2)121p/2 

~SP/2[i~EIl lf{i}(x2)'2] - iEI1E (~i(a)) - (l -(~))iF{i}(x2)i2lP/2" 

Thus 

(13) 

~ , , ~  i~,,(x~)12 ~(~_ ,)_p,2 [ z tl- II ~,(~)ll~(x2)l 2] 
iEll TCI1 iET 

+ly~  (~(~)- (1 -5))IF<~}(x2)l 2~p/2. 
iEI1 
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Integrate (13) in x2 and w. Clearly 

(14) 

f /  E (~i(w) - (1 - (f))IFu}(xe)l~'/~d~d~ 
iE l l  

<-[f / ~ (~i(w)-(l-5))[F{i'(x2)]2ldwdx2] W2 

<[ J" f [~i~ (1-(i(w))lF{i,(x2),4] '/2 1P/2 daJdx2] . 

Estimate 

IF({}(x2)t= I E }(S)ws(x) 
snl, ={i} 

Isl<_k,snI~={i} 

Ifui(x2)14(1 - ~5(~))) ~/2 
iEIl 

Z ](S)ws, 
ISl > k , S n h  ={i} 

](s)~ ~(1 + E E - 
iEI1 ISl>k,Snl~={i} 

and integrating, by Beckner's inequality 

(15) 

- +~ E I](s)l ~ 
ISl<k,Snh={i} ISl>k 

( )"~ 
<3kmax E I]( s)l~ +~ ~ I](S)l 2 
- -  iEI1 

ISl_<k ISl>k 
iEs 

<a~,/~ +~ ~ I](s)l ~ ISl>k 
(we use here the fact that I1 N Io = 0 and the definition of Io). 
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Substitute (15) in (14). Returning to (13), we thus obtain 

(16) 

5P/2 E 
ISnI~ [=1 

I](S)l ~ <(p- 1) -p/2 E [ 1  - (1 - ~ ) l s n I ' l l l ] ( S ) l  2 

S 

+SP/2(IS~I>k'](S)'2)P/2+(3kt~I/2)p/2. 
Estimate 

Thus 

1 - (1  - i~)  ISr'llll < 5IS n Ill 

< 1  

if  ISnI~l < k, 

otherwise. 

(17) 

5 p/2 
ISnI~ 1=1 

I](S)l ~<(p -1 ) -p /25  ~_, I S n h l  I](S)l ~ 
Isnz~l_<k 

+ ( P -  1)-p/2 E I](S)l ~ 
ISl>k 

+ 5P/~ ~ I](S)l ~ + (3k~l/~) ~/~. 
ISl>k 

We will now specify the set Ia C I~. 
Fix 0 _< to _< logk and let I1 = Iw, be a random subset of I~ of density 

10-32 -t°.  This ensures that  if 2 t° _< IS N I~l < 2 t°+l, then 

(18) ~, [ IS  n I,I = 1] > 10 -4.  

Also 

(19) ~, [ IS  n hi] = 1o-32-t°1s n I$1. 

Applying F_~, to (17) and recalling the definition (7) of Pt, we get 

z + z 
(20)  " t_<log k " ISl>k 

+(~p/2( Z I](S)[2) p/2 + (3k~l/2)p/2" 
ISl>k 

In order to have the left term in (20) larger than the first term on the right, take 

(21) 5 ~ (p-  1) p/(2-p)(- 2t°pt-------~° )2/(2-p) 
\ ~-~4_<log k 2tpt 
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Taking 

(22) n = 10 -k 

to make the last term in (20) negligible, condition (5) is satisfied and (20) and 
(21) imply 

(22) E [f(S)lZ>min{ (p 1)P/(2-P)( 2t°pt° ~p/(2-p) 2/p] 
- -  flto , Pto f " [Sl>k ~ E t < l o g  k 2t pt /1 

Here 0 < to < log k and 1 < p < 2 are arbitrary. 
We distinguish two cases. 

CASE 1: 

(23) Z 2tpt < V/-~" 
t_<log k 

Recalling (8), we may take 0 < to < log k such that 

(24) Pro ~ 1/logk. 

Take in (22) 

(25) p = 1 + 1 / log  k. 

From (23), (24) and (25), 

(22) ~> min ((logk)-2k -'/2, (log k) -2) ~> (logk)-2k -1/u. (26) 

CASE 2: 

Choose to s.t. 

(27) 

hence 

(28) 

Z 2tilt ~ Vz-~* 
t_~log k 

1 
2t° pt° > log---k" Z 2t pt > - -  

t<log k log k '  

Pro > (l°gk) -lk-1/2. 

Take now p < >2 in (22). We get 

(29) (22) ~> rain ((log k)-2/(2-p)-lk -1/2, (log k)-2k -l/p) > k -1/2-. 

Thus (2) follows from (26) and (29). 
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COROLLARY: Let f = XA, A C {1, 1} N satisfying 

(30) [A[(1 - I A I )  > 1/10. 

Let k > 0 be an integer and assume 

max I](S)l < 4 -k2-1. 
ISl<_k 

(31) 

Then 

(32) l ] (S) l  2 > k-1/~-.  
ISl>k 

Isr. J. Math. 

Remark: The lower bound (32) in the corollary is basically sharp. This is 

demonstrated by the example of the 'majority function' which we define as the 

{1,-1}-valued function 

f (c)  = sign(el + e2 + " "  + e N )  (33) 

on {1 , -1}  g.  It is known (see [K]) that in this case 

(f)' I ] (S) l  2 ~ k -3/~ for Isl = k > o. 

~ :  I ] (S) l  ~ ~ k-~/2 
IS]=k 

F_, J](s)l ~ ~ k-*/= 
lsl>k 

(34) 

Hence 

(35) 

and 

(36) 

[Fd 

[KKL] 

[K] 
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